Flows and H matrix elements

Consider a network meta-analysis with hat matrix H given by
H=X X'WX)"X'W

where X is the (full) design matrix in the sense of (Riicker and Schwarzer 2014), W
is the weight matrix (already adjusted for multi-arm studies, if necessary), and the
treatments (nodes) and comparisons (edges) are lexically ordered such that we without
loss of generality may consider the first treatment and the first comparison involving
this treatment. We select the first row of H (corresponding to the first comparison) by

e/ H

(where e; is the first unit vector in the row space of H) and are interested in the sum
of those elements that correspond to outflows from node 1 (the first treatment). These
correspond to the first column of X, that is

X'LI1

where u; is the first unit vector in the column space of X. Together, because of
X (XTWX)H(XTWX) = X (Riicker and Schwarzer 2014, Appendix A2) we have

el HXu =/ X (XTWX)"(X"WX)u, =¢/Xu, =1

which is the top left element of X. Thus the sum of outflows from node 1 is 1. This
result was given without proof in (Kénig, Krahn, and Binder 2013).

Remark 1 Due to our construction, the elements of e/ H that start from node 1 are
all positive. When showing that they add to one we have shown that they lie in [0, 1].

Remark 2 Using a similar argument we can show that all inflows into the last node
are positive and sum up to one.

Remark 3 As the nodes can be arbitrarily ordered, the same arguments hold to all
other nodes (outflows and inflows). Note that when fixing a certain order, the signs
of other matrix elements may change, but their absolute values are restricted to the
interval [—1, 1].
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